Neutrinoless hadron Lepton Number Violating (LNV) decays can be induced by virtual Majorana neutrino, which in turn indubitably show the Majorana nature of neutrinos. Many three-body LNV processes and Lepton Flavour Violating (LFV) processes have been studied extensively in theory and by experiment. As a supplement, we here study 75 four-body LNV (LFV) processes from heavy pseudoscalar B and D decays. Most of these processes have not been studied in theory and searched for in experiment, while they may have sizable decay rates. Since the four-body decay modes have the same vertexes and mixing parameters with three-body cases, so their branching fractions are comparable with the corresponding threebody decays. We calculate their decay widths and branching fractions with current bounds on heavy Majorana neutrino mixing parameters, and estimate some channels' reconstruction events using the current experimental data from Belle.
Introduction
In the Standard Model (SM), neutrinos are strictly massless, yet non-zero neutrino masses have been detected in experiment [1] [2] [3] [4] . So given the physics of neutrinos, extension of the SM is necessary. But by now, the nature of neutrinos is still puzzling, because it is still not clear whether neutrinos are Dirac or Majorana particles. So before determine how to extend the physics of SM, we have to clarify the neutrinos type, Dirac or Majorana.
There is strong theoretical motivation for Majorana mass term to exist since it could naturally explain the smallness of the observed neutrino masses [5, 6] . As is known, though not derived from first principle, the SM conserves the lepton number, but Majorana mass term violates lepton number by two units (∆L = 2). In which case the neutrinoless hadron LNV decays with like sign dilepton final state are crucial for the existence of Majorana neutrinos. The possible Lepton Flavor Violating (LFV) meson decays could be induced either by Majorana neutrino or neutrino oscillation in which case the neutrino is a Dirac neutrino. However, neutrino oscillation * hanyuan@hit.edu. Many efforts have been made to determine the Majorana nature of neutrinos by studying the LNV and LFV processes. As the neutrinos in the final state are undetectable to the detectors, therefore neutrinoless processes are preferred, e.g., the neutrinoless double β nuclei decay (0νββ) has long been advocated as a premier demonstration of possible Majorana nature of neutrinos [7, 8] ; the Majorana neutrino exchanges in τ lepton three-body or four-body decays [9] [10] [11] ; the LNV process pp → ℓ ± ℓ ± + X or pp → ℓ ± ℓ ± jj at LHC [12, 13] ; the top-quark or W-boson four-body decay [14, 15] ; the LNV or LFV meson decays with like sign dilepton in the final state [16] [17] [18] [19] [20] [21] , et al.
Recently, Atre et al. [22] have studied K, D, D s and B decays via a fourth massive Majorana neutrino. They demonstrated if the exchanged Majorana neutrino is resonant, which means it is on mass-shell. Then the corresponding branching fractions can be enhanced by several orders, in which case the fractions can be reached by the current experiments. Inspired by the effect of resonant neutrino, various three body meson decays M
where ∆L = 2 have been studied in [22] [23] [24] [25] [26] [27] and so have four-body decays B → Dℓℓπ in [28] .
In the experiment, some of these LNV (LFV) processes have been searched. For example, Fermilab E791 Collaboration reported their results of searching for the LNV and LFV decays of D 0 into 3 and 4-bodies, they presented upper limits on the branching fractions at 90% confidence level (CL) [29] . Recently, using 772 × 10 6 BB pairs accumulated at Υ(4S) resonance with the same CL, the Belle Collaboration set the upper limits on the LNV (LFV) B + → D − ℓ + ℓ ′ + decays [30] . Using a sample of 471 ± 3 million BB events, the BABAR Collaboration searched for the LNV processes B → K − (π − )ℓ + ℓ + and placed upper limits on their branching fractions also with 90% CL [31] . The LHCb Collaboration, using 0.41 fb −1 of data collected with the LHCb detector in proton-proton collisions at a center-of-mass energy of 7 TeV, reported their upper limits on the branching fractions of B − decays to D ( * )+ µ − µ − , π + µ − µ − and D s µ − µ − at 95% CL. They also searched for the 4-body decay B − → D 0 π + µ − µ − and set upper limit on its branching fraction [32] for the first time. The experimental situation of searching for the LNV and LFV processes can be found in Refs. [11, 33] . Though these LNV and LFV processes are still unobservable, the upper limits for branching fraction have been obtained, which also in turn limit the mixing parameters between Majorana neutrino and charged lepton.
Though lots of LNV (LFV) processes have been studied by experiment and in theory, there 2 are still many channels which have not been considered, especially the four-body LNV (LFV) meson decays, most of which are still absent in literature. Some channels of that kind may have considerable branching fractions and may be accessible in current experiment. LNV fourbody decays also offer complementary information about the masses and heavy mixings of such a heavy (resonant) Majorana neutrino, so they are worth studying deeply. In this paper, we study 75 four-body LNV (LFV) processes of dilepton decays B(D) → M 1 ℓ 1 ℓ 2 M 2 , where M 1 stands for a pseudoscalar meson, M 2 can be a pseudoscalar or a vector meson and ℓ 1 (ℓ 2 ) = e, µ.
These ∆L = 2 LNV (LFV) 4-body meson decays are induced by a Majorana neutrino, and the possible lowest order diagrams are illustrated in Figure 1 (a-b) . Some processes, such as
s , are represented by an exclusive Feynmann diagram shown in Figure 1 (a); but some decays, like GeV (since it is heavy, it may be a fourth generation neutrino), the neutrino could be on massshell (resonance), and the corresponding decay rate will be much enhanced due to the effect of neutrino-resonance. The contribution of Figure 1 (a) will be much greater than that of neutrinoexchange diagram in Figure 1 (b) , which is suitable for a continuous neutrino mass. So we will focus on the neutrino-resonance of diagram figure 1 (a) . The contribution of neutrino-exchange diagram figure 1 (b) and the interference between two diagrams will be ignored.
There are two key points to calculate these 4-body decay modes. One is the selection of the mixing parameters, since most of these Majorana neutrino induced 4-body decay modes do not have experiment results and we cannot extract the mixing parameters by these decays.
So we followed Atre et al's method in which the parameters are determined by experimental data [22] . We choose the strongest constrains which were abstracted from the current data as the input in our paper [22, 26] to guarantee the accuracy. The other point is the calculation of the hadronic matrix element between initial meson B(D) and final meson M 1 . We use the Mandelstam formalism [34] which the hadronic matrix element is described as an overlapping integral over the wave functions of the initial and final states [35] . The wave functions are obtained by solving the relativistic Bethe-Salpeter (BS) equation [36] . This paper is organized as followed, in section 2, we outline the formulas of the transition matrix element. In section 3, we present the details of how to calculate the hadronic matrix element. In section 4, we show the results and conclude the branching fraction of heavy meson 4-body decays as a function of the heavy neutrino mass.
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The leading order Feynman diagrams for the LNV (LFV) 4-body decays of heavy meson M :
are shown in Figure 1 we assumed that there is only one heavy Majorana neutrino which may be a fourth generation neutrino. It can be kinematically accessible in the range we are interested in. Then the gauge interaction lagrangian responsible for the LNV (LFV) decay can be written as:
where
is the mass eigenstate of the fourth generation Majorana neutrino and V ℓ4 is the mixing matrix between the charged lepton ℓ and heavy Majorana neutrino N 4 . The transition amplitude for the 4-body decay M (P )→M 1 (P 1 )ℓ Figure 1 (a) can be written as:
where the momentum dependence in the propagator of W boson has been ignored since it is much smaller than the W mass; g is the weak coupling constant; V q 1 q 2 (V q 3 q 4 ) is the CabibboKobayashi-Maskawa (CKM) matrix element between quarks q 1 and q 2 (q 3 and q 4 ); M µν is the transition amplitude of the leptonic part.
As mentioned before, only the contribution of the diagram in Figure 1 (a) is considered, where the Majorana neutrino is on mass shell, and the effective narrow-width approximation related to the resonant contribution can enhance the decay rate substantially. In this case, according to Ref. [22, 26] , the leptonic matrix element M µν can be given as:
where V ℓ4 is the mixing parameter between the heavy Majorana neutrino and charged lepton,
is the case of exchange the two final charged leptons), m 4 is the mass of the heavy Majorana neutrino and Γ N 4 is the total decay width of the heavy neutrino.
Mesons M and M 1 are pseudoscalar mesons and the corresponding hadronic matrix element in Eq. (3) can be described as a function of form factors:
The method to calculate the form factors f + , f − will be shown in section 3.
The last part M 2 |h ν 2 |0 in Eq. (3) is related to the decay constant of the meson M 2 . If M 2 is a pseudoscalar with momentum P 4 , we obtain the following relation:
where F M 2 is decay constant of meson M 2 . If M 2 is a vector with momentum P 4 and polarization vector ǫ, the corresponding relation will become:
here we use the same symbol M 2 to denote the meson and its mass.
By combining Eq. (4), Eq. (5) and Eq. (6), we rewrite the decay amplitude Eq. (3) in the case of meson M 2 as a pseudoscalar:
where G F is Fermi constant. If meson M 2 is a vector, we just replace P 4 with M 2 ǫ in numerator in Eq. (8) . With the numerical values of form factors f + and f − obtained in section 3, the calculation of this decay amplitude is not complicated.
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In order to calculate the hadronic matrix element and get the numerical value of form factors f + , f − , we use the Mandelstam formalism [34] , in which the transition amplitude between two mesons is described as a overlapping integral over the Bethe-Salpeter wave functions of initial and final mesons [35] . Using this method with further instantaneous approximation [38] , in the center of mass system of initial meson, in leading order, we write the hadronic matrix element as [39] :
where P and P 1 are the momenta of initial and final mesons; M in denominator is the mass of initial meson; q is relative momentum between quark and antiquark inside the initial meson;
r is the relative momentum inside the final meson
is mass of antiquark (quark) in final meson M 1 , r is three dimension momentum of meson M 1 ; ϕ ++ is the positive wave function for a meson in the BS method; for the final state, we have define the In the BS method, the positive wave function ϕ ++ for a pseudoscalar meson can be written as [40] :
where q ⊥ = (0, q), and
In Eq. (11), m 1 and m 2 are the masses of quark and antiquark inside the meson, and we list their values in Table 1 ; ω i is defined as ω i = m 2 i + q 2 , i = 1, 2; f 1 ( q) and f 2 ( q) are the wave function of the meson.
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With Eq. (10) and Eq. (11), we take the integral on the right side of Eq. (9), then the form factor f + , f − can be expressed as:
where M 1 and E 1 = M 2 1 + r 2 are the mass and energy of final meson M 1 ; and
where A Numerical values of wave functions f 1 ( q) and f 2 ( q) can be obtained by solving the coupled Salpeter equations [40] :
where we have chosen the Cornell potential, which is a linear potential plus a single gluon exchange reduced vector potential, and in momentum space the expression is:
where a = e = 2.71828; λ = 0.21 GeV 2 is the string constant; α = 0.06 GeV is a parameter for the infrared divergence compensation; the QCD scale Λ QCD = 0.27 GeV characterizes the running strong coupling constant α s ; the constant V 0 is a parameter by hand in potential model to match the experimental data, whose values for different mesons are listed in Table. 2. (14), and obtained the numerical values of wave functions f 1 ( q) and f 2 ( q) for pseudoscalar mesons B, D, K and π.
Meanwhile, the meson masses of these pseudoscalar mesons are also obtained which agree with experimental data.
Numerical Results and Discussions
Besides the parameters appearing in potential, there are other parameters whose values need to be determined. We choose the CKM matrix elements [41] : V ud = 0.974, V us = 0.225, V cd = 0.230, V cs = 0.973, V cb = 40.6 × 10 −3 , V ub = 3.89 × 10 −3 . The decay constants of pseudoscalar and vector mesons used in our calculation are listed in Table 3 . The key step to calculate the decay widths and branching fractions of LNV (LFV) heavy meson decays is to determine the limits on the mixing parameters |V ℓ 1 4 V ℓ 2 4 | and the heavy neutrino mass m 4 in Eq. (4). Following the approaches in Refs. [22, 26] , we take the mixing parameter V ℓ4 and the mass m 4 as phenomenological parameters. Since the mixing parameters are common constant, we take some decay modes with the same |V ℓ 1 4 V ℓ 2 4 | into our consideration and have mixing parameters numerical upper bounds in experiment, thus we extract the numerical values of mixing parameters from these processes. Details can be found in Refs. [22, 26] . We choose the strongest constrains on mixing as input in this paper to guarantee accuracy. , we choose three processes K + → e + e + π − , D + → e + e + π − and B + → e + e + π − to limit |V e4 | 2 . Second, as discussed above, the value of neutrino total decay width Γ N 4 is mass and mixing parameter dependent, whose values change with respect mixing parameter |V ℓ4 | and neutrino mass m 4 .
Because the mixing parameters is piecewise, the branching fractions are also piecewise as a function of the neutrino mass. The difference of value choices of mixing parameters may be the main reason for the difference between our results and those in Ref. [28, 44] There is another point that seems unusual in the results of some branching fractions. For example in Fig. 5 (b) , we show the branching fraction for the decay mode D + →K 0 e + µ + K − .
At two edges of the curve, which are the points of the allowed smallest and largest neutrino masses separately, the values of the branching fractions are very small. The small rates is not unusual actually, because it happens due to the restriction of the phase space. The very small 9 kinematic phase space at edges lead to those small branching fractions.
Because some 4-body decays of mesons have broader phase space than the corresponding 3-body processes and the resonance neutrino mass is determined kinematically, one of the advantages of these 4-body decays is that we can detect much wider range of Majorana neutrino mass. For example, we can study the heavy neutrino if its mass is in the range of 2 GeV ∼ 4 GeV durning the 3-body decay B − → e − e − D + [26] . While durning the 4-body decay B 0 → D − e + e + π − or B + →D 0 e + e + π − , we can reach the range of possible neutrino mass from 0.2 GeV to 3.4 GeV. Another advantage is that the branching fraction is not small compared with the corresponding 3-body decay [22, 26] . Because, in some cases, they have same vertexes, mixing parameters |V ℓ 1 4 V ℓ 2 4 | and CKM matrix elements. In some particular channels, there is an additional contribution coming from intermediate mesons resonance [44] . For example, in the decay channel B + →D 0 µ + µ + π − , besides the CKM favored diagram in Figure 1 Some channels with large branching ratios are detectable by the current experiments. For example, the Belle Collaboration produced 772 million BB events per year [45] , which can be used to study the four-body B meson LNV and LFV decays. For Belle detector, the reconstruction efficiencies of π 0 , ρ, K * , D, D 0 and D s are 65%, 61%, 58%, 78%, 83% and 74%, respectively; the identification efficiencies of π ± and K ± are 95% and 86% [46] ; the electrons and muons efficiency rates both approximate 90% [45] . With these efficiencies, we choose maximum branching fractions interval in each process, and estimate the reconstruction events shown in Table 4, Table 5 and Table 6 . Of particular note, all the results do not include the influence of Geometrical Acceptance. The reason why we do not calculate K and D reconstruction events in Table 6 , is that the branching fractions of K and D are too small, which is less than the BB events.
There are 3 million D 0D0 events [47] and 2.4 × 10 6 D + D − events [48] produced in CLEO Collaboration every year. From the Fig. 4, Fig. 5 and Fig. 7 , we can find that the maximum branching fractions of D + and D 0 decays approach 10 −6 . But if the detection efficiency is considered, the decay modes of D would be difficult to detect. 
